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Fractals generated by iterated function systems.

a2

a0 a1

S is the decreasing limit of compact sets Sn.
It is defined by replacing one triangle (a0, a1, a2) with three scaled copies.

(a0, a1, a2) 7→ (a0,
a0 + a1

2
,
a0 + a2

2
)

M1 :=
1

2

2 0 0
1 1 0
1 0 1

 ,M2 :=
1

2

1 1 0
0 2 0
0 1 1

 ,M3 :=
1

2

1 0 1
0 1 1
0 0 2



The fractal on the left hand side is
generated by replacing one triangle
with four scaled copies.

a0

a1

a2

M1 :=
1

3

3 0 0
2 1 0
2 0 1

 ,M2 :=
1

3

2 0 1
1 2 0
0 3 0

 ,M3 :=
1

3

0 3 0
0 2 1
1 0 2

 ,M4 :=
1

3

1 0 2
0 1 2
0 0 3


1



or simply

M :=
1

3



3 0 0
2 1 0
2 0 1
1 2 0
0 3 0
0 2 1
1 0 2
0 1 2
0 0 3


quadratic splineinterpolation:

a

b

c

q 1
2
(a, b, c) =

1

4
(a+ 2b+ c), M1 =

1

4

4 0 0
2 2 0
1 2 1

 ,M2 =
1

4

1 2 1
0 2 2
0 0 4



cubic Bézier splines:

a0

a1 a2

a3

M1 =
1

8


8 0 0 0
4 4 0 0
2 4 2 0
1 3 3 1

 ,M2 =
1

8


1 3 3 1
0 2 4 2
0 0 4 4
0 0 0 8



Sk = Ak ◦D ↔ kth - order B-spline

η0(t) = χ[0,1] (piecewise linear and C0)

η1(t) =


t if 0 < t ≤ 1

−t if 1 < t ≤ 2

0 otherwise

(piecewise quadratic and C1)

k=0

k=1

k=2

k=3

t=0 t=1 t=2 t=3 t=4

ηk(t) is supported on [0, k + 1], is Ck−1 and is polynomial of degree k on each [i, i+ 1], i ∈ Z
Via convolution, inductively define: ηk+1 := ηk ∗ η0,

ηk+1(t) =

∫
R
ηk(t− n) · η0(n)dn =

∫ 1

0

ηk(t− n)dn

What is the kth - order B-spline with controlpoints (an):

γ(t) =
∑
n∈Z

anη
k(t− n)

2



What is the B-spline in R1 with controlpoints . . . , 0, 0, 1, 0, 0 . . . (an = δn0)

η0(t) = η0(2t) + η0(2t− 1)
η1 = η0 ∗ η0
ηk = η0 ∗ η0 ∗ . . . ∗ η0

ηk =
k+1∑
i=0

1

2k

(
k + 1

i

)
ηk(2t− i), η1(t) =

2∑
i=0

1

2

(
2

i

)
η1(2t− i)

Slices through a cube:

[0, 1]k+1 unit cube in Rn

e = (1, 1, . . . , 1) ∈ Rn

Ht = {x ∈ Rk+1;< x, e >= t√
k+1
}

k - area (Ht ∩ [0, 1]k+1) =
√
k + 1 · ηk(t)

ski :=
(k+1

i )
2k

(“subdivision mask”)

ηk(t) =
∑k+1

i=0 s
k
i η

k(2t− i)
The B-spline

∑
anη

k(t− n) =
∑
bmη

k(2t−m) where bm :=
∑
skm−2nan

Indeed, we can check skm−2n is the matrix for Sk = Ak ◦D

k = 1 (piecewise linear case): S1 = 1
2


0 2 0 0 0

· · · 0 1 1 0 0 · · ·
0 0 2 0 0

· · · 0 0 1 1 0 · · ·
...

...
...


k = 2: S2 = 1

4


1 3 0 0
0 3 1 0
0 1 3 0
0 0 3 1


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